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Abstract. Locating the sources of ultra-high energy cosmic rays (UHECRs) still remains a
difficult puzzle for modern astrophysics. A major hurdle in the search for the sources is the
fact that UHECRs are deflected by the Galactic magnetic field (GMF). Current knowledge
of the GMF is limited, as most experimental measurements track line-of-sight–integrated
quantities that are used to obtain best-fit parameters for global models including a large
random component. The advent, however, of the Gaia era, with measurements of ∼ 109
stellar parallaxes, in combination with upcoming large polarimetric surveys, make, for the
first time, a 3D measurement of the GMF possible in principle. Such measurements can then
be used to attempt a reconstruction of the trajectories of individual UHECRs through the
Galaxy, in order to correct for their deflection.
Motivated by these developments, in the present work, we study the limits of such
a correction, by examining how its effectiveness depends on the uncertainty of any such
future magnetic field measurements. To that end, we simulate attempts to reconstruct the
trajectory of the cosmic ray by using hypothetical measurements of the GMF, based on
values received from two recently updated GMF models. To simulate the uncertainty of a 3D
measurement, random errors to these values are introduced separately for the plane-of-the-sky
(POS) magnitude, the line-of-sight (LOS) magnitude and the POS direction.
Our results highlight the conditions under which an effective correction is achievable.
We find that the effectiveness is dependent on the particle rigidity and arrival direction, and
can vary significantly depending on the GMF model used.
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1 Introduction
Ultra high energy cosmic rays (UHECRs) are the most energetic particles ever detected,
with energies in some cases exceeding 1020 eV. Their sources, mechanism of acceleration,
and composition are currently unknown and debated [1]. One reason for the difficulty to
reach safe conclusions in any of the above areas is the extremely small flux of the incoming
UHECRs, which leads to poor statistics. For example, for energies of about 1020 eV, the
flux is of the order of one particle per km2 per century [2]. Another reason is the fact that
UHECRs, consisting of protons or heavier nuclei, therefore charged particles, are deflected by
the Galactic magnetic field (GMF) as well as the intergalactic magnetic field. In the present
work, we focus on the role of the GMF.
The main limitation in studies of the GMF is that currently available observables that
probe the GMF are integrated along the line of sight (LOS). Such observables include Faraday
rotation measures, synchrotron intensity and polarization of dust emission (see, e.g., [3] for a
recent review on magnetic field observations). In the absence of 3D tomographic information,
the approach that has been used for the mapping of the GMF is parameter fitting of different
GMF components, including a large random component (e.g., [4–8]).
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However, the advent of the Gaia mission [9], which is expected to provide parallaxes
for a, for the first time, significant fraction of the Galactic stellar population, is redefining
our ability to conduct tomographic studies of the Galaxy including its magnetic field. Gaia
stellar distances, combined with optopolarimetric measurements of starlight, will provide a
unique and previously unavailable handle on the GMF structure. As dust grains in interstellar
clouds tend to align themselves perpendicular to the direction of the magnetic field, optical
light passing through a cloud will be absorbed preferentially in the direction of the grain long
axis and will be polarized in the plane-of-the-sky (POS) direction of the magnetic field there
[10]. Upcoming optopolarimetric surveys such as PASIPHAE [11, 12] are expected to provide
a large number (> 106) of high-quality stellar polarization measurements that can yield 3D
information for the POS direction (measured directly) as well as the POS magnitude of the
GMF (inferred using e.g. the Davis-Chandrasekhar-Fermi method [13–23]).
Any such 3D measurements of the GMF could be used to reconstruct the trajectories
of individual cosmic rays through the Galaxy, in order to obtain the original arrival direction
of a cosmic ray before it was deflected by the GMF. The effectiveness of such a correction
would depend on the accuracy of any such future measurement. If an effective correction were
possible in this way, it would constitute an important development in cosmic-ray astronomy, as
it could result in increased clustering of cosmic-ray arrival directions, and improved estimates
for the location of sources.
In the present work, we study the limits of this method of trajectory reconstruction
for individual UHECRs, independently of any specific dataset, experiment, or technique for
the determination of the magnetic field direction and strength. We simulate this process
by using hypothetical 3D measurements of the GMF. We examine how the precision of the
measurements can affect the quality of the reconstruction and how this quality is affected
by the rigidity (i.e. the energy of the particle divided by its charge) and arrival direction of
the cosmic ray at the Earth. This is accomplished as follows. First, given the rigidity and
arrival direction, we find the “true” path of the cosmic ray by using a specific GMF model
to provide the “true” values of the GMF. We then obtain the original arrival direction of the
cosmic ray before it entered the Galaxy. Next, we introduce random errors to the “true” GMF
values along the trajectory in order to simulate the uncertainty of some hypothetical GMF
measurements. Again, we find the estimated cosmic ray trajectory using the GMF values
with errors and obtain the estimated original arrival direction. Finally, we quantify the
effectiveness of our correction by calculating how close the estimated original arrival direction
is to the “true” original arrival direction.
2 Methods
2.1 Propagation of an UHECR in a constant and uniform magnetic field
An UHECR, thought to be a proton or a nucleus, has charge q = Ze, where Z is the number
of protons in the nucleus and e the charge of a proton. As it is an ultra-relativistic particle
of γ ∼ 109–1010 for E ∼ 1019 eV, we can safely neglect its rest mass and consider its speed
to be equal to the speed of light c.
The velocity v of a relativistic charge q with energy E in a constant and uniform magnetic
field B follows:
dv
dt
=
c2q
E
(v ×B). (2.1)
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The quantity that defines how much the cosmic ray is deflected in a given magnetic field
is the rigidity R = E/q = E/Ze. Using eq. 2.1 for small time intervals δt we can numerically
calculate the evolution of the velocity and position of the particle. The time interval that
we use is such that c δt = 1 pc, which is much smaller than the typically assumed coherence
length ∼ 100 pc of the GMF (e.g. [24]).
2.2 Reconstruction of the “true” cosmic ray trajectory
To reconstruct the cosmic ray trajectory, we construct, within the Galaxy, a cubic grid with
side L = 100 pc. We assume that the magnetic field is uniform inside each cube. The length
L has been chosen to be similar to the coherence length of the GMF.
Before the trajectory reconstruction begins, the magnetic field for each grid cube is
calculated using a GMF model and our result is assumed to be the “true” value within that
cube. We use two different GMF models, so as to have an indication of the influence that
the choice of GMF model has on our results. The models used are the Jansson & Farrar
model (hereafter JF12) [5, 6] and the Sun & Reich model (hereafter Sun10) [7, 8], as updated
recently by the Planck collaboration [4]. Details on the models and parameter values are
given in appendix A.
Both models, besides a regular component, include a random component, which is not
explicitly specified. The only information given is its RMS value BRMS(r) as a function of the
position. It is considered isotropic, i.e. it has equal probability to point in any direction. We
model the random component using three random gaussian variables with a mean of 0 and
a standard deviation of BRMS/
√
3, representing the x, y and z components of the magnetic
field. Note that this method does not enforce the requirement ∇·B = 0 for the random field.
A more detailed way to simulate the random field would be to use a Kolmogorov random field,
as explained in [25] and implemented in an updated version of the CRT numerical propagation
code [26]. However, this choice in implementation is expected to affect our results negligibly
compared to the much more significant uncertainties in the overall GMF geometry itself, as
we will see in section 3.
After calculating the magnetic field, we let time run backwards in steps of c δt and,
using eq. (2.1), we calculate for each step the position and velocity of the cosmic ray, as
it propagates in the cubic grid. The only information needed to reconstruct the cosmic ray
trajectory, given the magnetic field, is the rigidity and arrival direction of the cosmic ray.
Eventually, as time runs backwards, the cosmic ray reaches a point where the strength
of the GMF is negligible, and so there is no more Galaxy-induced deflection. The choice of
a specific point to place such a cutoff is somewhat arbitrary. We have chosen to place our
cutoff at a height of 10 kpc north or south of the Galactic plane and at a radius (in cylindrical
coordinates) of 20 kpc from the Galactic center.
When the cosmic ray reaches this cutoff, we obtain the direction of its velocity vector,
from which we infer the “true” original arrival direction of the particle before it entered the
Galaxy. If the particle has not suffered significant deflections during its propagation in the
intergalactic medium, this direction should be close to the direction of its source.
2.3 Reconstruction of the cosmic ray trajectory with uncertainties
Having found the “true” trajectory and original arrival direction of the cosmic ray, we then
simulate attempts to reconstruct the trajectory given hypothetical measurements of the GMF
with some uncertainty. We perform this by repeating the above process of reconstruction, but
this time introducing random errors to the “true” magnetic field values found using a GMF
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model. When the cosmic ray reaches a new grid cube during its backward propagation, the
“measured” value of the magnetic field for that cube is calculated.
Errors are introduced separately for the POS magnitude, the LOS magnitude and the
POS direction of the magnetic field. For the POS and LOS magnitudes, the “measured” values
of the respective magnetic field component are considered to follow a lognormal distribution.
The mean of this distribution is placed at the “true” value B of the respective component
received from the GMF model, and the standard deviation σB is proportional to B so that
the ratio σB/B stays the same for all grid cubes. This is implemented by multiplying the
“true” value B by a random lognormal variable r with a mean of 1 and standard deviation
σr = σB/B. For the POS direction, the “true” POS direction is rotated by a random angular
variable that follows a von Mises distribution with a mean of zero and different values of the
parameter 1/
√
κ (see appendix B), which, for large κ, approaches the standard deviation of
a normal distribution.
Again, we obtain the direction of the velocity of the cosmic ray when it reaches the
cutoff, from which we can infer the estimated original arrival direction. We then repeat the
above process for a large number of iterations with different random errors.
2.4 Quality of the reconstruction
To quantify how well the cosmic ray trajectory has been reconstructed given the uncertainty
of our hypothetical GMF measurements, we calculate the post-correction residual angle φres
between the “true” and the estimated original arrival direction. We also calculate the total
deflection angle φdefl of the cosmic ray, as the angle between the “true” original arrival direc-
tion and the arrival direction at the Earth. We then compare the two angles, introducing the
“effectiveness coefficient”
a =
φres
φdefl
. (2.2)
This coefficient measures the effectiveness of our correction. Smaller values of a mean a better
correction. A value of a = 1 means that the residual angle is equal to the deflection, and thus
the correction is not helpful. A value of a > 1 means that the residual angle is even larger
than the deflection angle, which means that the correction has actually made matters worse.
During each iteration with different random errors, we collect the values of φres and a
to find their distribution. We do this for different choices of uncertainties and different initial
conditions (arrival direction and rigidity).
2.5 Validation
We have tested our code for the simple case of a uniform magnetic field. Further, we have
successfully reproduced the deflection map for the regular field of the original JF12 model
(Figure 11 of [5]), using, only in this occasion, the original parameters without the update
from the Planck collaboration.
Additionally, we have performed a test of how the discretization of the magnetic field
in cubes of uniform field with side 100 pc can affect the simulated propagation of the cosmic
ray. Using the regular field of the (updated) JF12 model, we have simulated the propagation
of a cosmic ray using three different discretization scenarios for the magnetic field. The first
scenario is the same as before, using cubes of side 100 pc containing a uniform field. For the
second scenario, we have doubled the cube side to 200 pc, expecting that this would make
possible effects of the discretization more apparent. Finally, for the third scenario we did
– 4 –
not use a cubic grid, but used the value for the magnetic field at the exact location of the
cosmic ray during each 1-pc step of the numerical propagation, essentially using an almost
continuous field.
We performed this test using 60 EeV particles (either protons or iron nuclei) for 10 arrival
directions. To compare between the results of the three scenarios, we calculated the difference
between the total deflections experienced by the cosmic ray in each scenario. The resulting
differences between the first and third scenarios were usually less than 1% and the largest
difference found was ∼ 3%. The differences between the second and third scenarios were in
general larger, but still smaller than ∼ 6%, except for a single value that was at ∼ 21%. 1
These results suggest that using cubes of side 100 pc containing a uniform magnetic field does
not have a significant effect on the propagation, while using larger cubes could have a more
pronounced effect.
3 Results
3.1 Effectiveness Coefficient
First, we examine the dependence of the effectiveness coefficient a on the uncertainty of the
POS magnitude (figure 1), the LOS magnitude (figure 2) and the POS direction (figure 3) of
the magnetic field. Each of the three sources of uncertainty is examined independently. For
example, when varying the uncertainty of the POS magnitude, the LOS magnitude and the
POS direction are assumed to be known exactly. Details on what the uncertainty values on
the horizontal axis of each figure represent can be found in §2.3.2
The values of a were collected by using one specific realization of the GMF with 10000
iterations with different random errors. The points show the median of the values of a received
for each value of uncertainty and the error bars show the 68% confidence interval (i.e. the
68% range of values around the median). This choice was made, instead of using the typically
used mean and standard deviation, because the values of φres and a were found to follow a
quite skewed distribution, as can be seen from the asymmetry of the error bars.
Our results are shown for two different values of the Galactic longitude and rigidity, and
using two different GMF models. We assume particles with energy E = 60 EeV, charge Ze
and arrival direction of Galactic longitude l and Galactic latitude b = 40◦.
Accuracies of σB/B ≤ 2 are shown in figure 1 because, for larger uncertainties, blue
points (arrival directions away from the Galactic center) generally exhibit prohibitively high
effectiveness coefficients for any meaningful arrival direction corrections. The same range of
accuracies is shown in figure 2, as the behavior of the effectiveness coefficient a demonstrated
for this range does not change abruptly for higher values of σB/B.
As expected, for small deflections (as is the case for 60 EeV protons), the sensitivity
to the LOS magnetic field is very small, as the particle velocity stays approximately parallel
to the LOS throughout its trajectory. In contrast, for larger deflections (as happens for 60
EeV iron), a significant POS velocity component is present away from the Earth, making the
correction sensitive to the LOS uncertainty.
1The 21% difference was found for an arrival direction with Galactic longitude l = 90◦ and Galactic latitude
b = −40◦, assuming iron composition, which in general means larger deflections than protons, and thus larger
differences between scenarios are to be expected.
2We should stress that the quantity 1/
√
κ used in figure 3 is only a useful measure of the uncertainty and
does not in general represent the actual standard deviation of the distribution. Only for small uncertain-
ties, where the von Mises distribution approaches a gaussian, does this quantity approximate the standard
deviation.
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Figure 1: Median and 68% confidence interval of the effectiveness coefficient a as a function
of the uncertainty σB/B of the POS magnitude of the magnetic field for different GMF
models, nuclei and Galactic longitudes l. Particles of energy 60 EeV and Galactic latitude
b = 40◦ are assumed. Lower values of a indicate a better correction.
The figures show that a quite good correction is often feasible in the range of uncertainties
that we have investigated. There are much better prospects of correction if the cosmic rays
are protons, compared to iron nuclei of the same energy. There is also significant difference
between arrival directions pointing towards the Galactic center (l = 0◦) and away from the
Galactic center (l = 180◦). Cosmic rays with arrival directions closer to the Galactic center,
where the deflection is larger, are good candidates for a better correction. Differences between
the two GMF models can be very pronounced. For example, in the case of iron with l = 0◦,
the JF12 model suggests that a good correction can be made, while the Sun10 model suggests
that it is very difficult to make a correction.
It is also apparent that some plots for iron have a more “irregular” form than for protons.
This seems to happen in general for large deflections (& 90◦) and especially when a is also
large. That is because a and φres do not capture the actual details during the process of
the trajectory reconstruction. For example, for some uncertainty value, the cosmic ray might
statistically tend to go through a region of large magnetic field during the reconstruction,
which will change its trajectory.
It should be noted that, while, as expected, the effectiveness coefficient (and so the
residual angle) does decrease to zero as the uncertainty approaches zero, in the case of 60
EeV iron this decrease starts to happen at very low uncertainties. For example, using the
– 6 –
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
1.2
0.0 0.5 1.0 1.5 2.0
0.00
0.01
0.02
0.03
0.04
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
0.0 0.5 1.0 1.5 2.0
0.00
0.02
0.04
0.06
0.08
0.10
 l=0
 l=180
LOS magnitude, 
JF12, Z=26
 l=0
 l=180
LOS magnitude, 
Sun10, Z=1
 l=0
 l=180
LOS magnitude, 
Sun10, Z=26
 l=0
 l=180
LOS magnitude, 
JF12, Z=1
Figure 2: As in figure 1, but for the uncertainty σB/B of the LOS magnitude.
JF12 model, an arrival direction with l = 180◦ and b = 40◦, and POS magnitude uncertainty
of σB/B ≈ 10−3, the median of the effectiveness coefficient remains a ≈ 0.2, while for
σB/B ≈ 10−4, the median is a ≈ 0.01.
Some of the figures show that it is in some cases possible for a to exceed the value of 1.
This means that the residual angle becomes larger than the deflection. In that case, instead
of being corrected, the deflection has been amplified. A useful question, then, is to ask what
the probability of getting a < 1 and thus managing to shrink the deflection is. This question
is approximately answered in figure 4, where the percentage of the values of a which satisfy
a < 1 is given for the same cases as before.
The results are quite sensitive to the realization of the random magnetic field. Thus,
figures 1-4 are only meant to showcase some general features, while the actual values of a
shown can vary significantly between different realizations.
To give an example of how the random field can affect our results, we have repeated
the above correction process for 100 realizations of the random field, each with 500 iterations
with different random errors. In figure 5 we present histograms showing the distribution
of the median of the effectiveness coefficient a for two different cases. Both cases assume
60 EeV protons arriving from a Galactic latitude b = 40◦ and an uncertainty of σB/B = 1
only for the POS magnitude of the GMF. The JF12 model is used. In the first case (left
panel) the arrival direction has a Galactic latitude l = 0◦ and in the second case (right panel)
l = 180◦. These results can be compared with the top left panel of figure 1 for σB/B = 1.
These distributions can change depending on the rigidity, arrival direction, uncertainty of the
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Figure 3: As in figure 1, but for the uncertainty 1/
√
κ of the POS direction.
magnetic field values and on how dominant the random field is throughout the cosmic ray
trajectory compared to the regular field.
3.2 Sky maps
To showcase how the effectiveness of the correction depends on the arrival direction of the
cosmic ray, we have constructed sky maps in Mollweide projection of the median of the
deflection, the residual angle and the effectiveness coefficient. These are shown in figure 6.
The results are for 60 EeV protons and uncertainties of σB/B = 1 for the POS and LOS
magnitudes and 1/
√
κ = 40◦ for the POS direction, using both the JF12 and Sun10 models
of the GMF. 3 To create these maps, we performed simulations for 2520 arrival directions in
total, covering the whole sky, with the Galactic longitude ranging from −180◦ to 175◦ with a
step of 5◦, and the Galactic latitude from −85◦ to +85◦, again with a 5◦ step.
In this case, the correction process was repeated for 100 realizations of the magnetic field
and 50 iterations with different random errors for each realization. Values for the deflection,
3For the JF12 model, the parameter rs, which describes the toroidal halo field for the southern Galactic
hemisphere (see appendix A), remains unspecified as only a lower limit is given to be 16.7 kpc. In our
simulation, we have considered its value to be equal to that lower limit. While the previous results are
not affected by the choice of rs, because they concern the northern Galactic hemisphere, these results are
somewhat affected. After constructing the same sky maps using the highest possible value of 20 kpc, it was
found that the residual angle and deflection angle were slightly affected in the southern hemisphere, but the
effectiveness coefficient remained relatively unchanged, at least for the choice of uncertainties and rigidity
tested.
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Figure 4: Percentage of cases with effectiveness coefficient a < 1, for the same parameters
and choices of uncertainties as those in figures 1, 2 and 3.
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Figure 5: Histograms showing the distribution of the median of the effectiveness coefficient
a for different random field realizations, assuming arrival directions with Galactic longitudes
l = 0◦ (left panel) and l = 180◦ (right panel). See text for discussion of other parameters.
the residual angle and the effectiveness coefficient were collected during each iteration and
the median of all collected values was calculated. Thus, here the median is over both the
different random field realizations and the iterations with different random errors (of course,
the deflection changes only with the different realizations). This way, we can get a sense of
the “general” behaviour of each GMF model, independent of the specific realization of the
random field.
Several features can be observed from these sky maps. First, it is apparent that there
are significant differences between the two models, as seen most dramatically in the deflection
sky maps. The Sun10 model predicts in general larger deflections than the JF12 model, while
the location of regions of large deflection also differs. Next, the residual angle tends to be
larger for arrival directions near the Galactic center, which is expected, as the deflection is
also larger. Also, looking at the sky maps of the effectiveness coefficient a, we can see that,
to a large extent, their form can be predicted from the respective deflection maps. Arrival
directions with larger deflection have lower a.
4 Discussion
We have found that there are important differences between the two GMF models used and
also that the random component can influence significantly the effectiveness of the correction.
This showcases the fact that our knowledge of the GMF is still quite limited, at least for
the purposes of reconstructing the trajectory of UHECRs, and highlights the importance
of making actual 3D measurements of the GMF. Our most significant differences between
different models arise in the southern Galactic hemisphere, in agreement with the results of
[27], who have recently studied the uncertainties involved in the parametrization of the GMF.
After an experiment has been carried out to make such measurements, a similar analysis to
that presented in this paper can be performed using the specific measurements and error
distribution of that experiment, in order to estimate more accurately the uncertainty of any
backtracing.
It should be noted that, as reported in [28], which provides a detailed study of the mag-
netic deflections of UHECRs using the JF12 model, the deflections are found to be sensitive to
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Figure 6: Sky map in Mollweide projection, using Galactic coordinates, of the median of
(a),(b) the deflection, (c),(d) the residual angle and (e),(f) the effectiveness coefficient for 60
EeV protons, using the JF12 and Sun10 models respectively. The uncertainty values used are
mentioned in the text. Galactic longitude increases to the left.
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the coherence length of the random component of the GMF. Thus, the coherence length that
we have assumed in our simulations might have influenced our results for the effectiveness of
the correction as well. It is also possible that the coherence length presents large variations
throughout the Galaxy, while we have assumed it to be the same everywhere in the Galaxy.
It is important to stress that our work has assumed random errors within each grid cube,
which are only realizable in a bona-fide tomographic experiment rather than the currently-
available parameter-fitting modeling. As such, we strongly caution the reader that our results
cannot be regarded as predictive of the effectiveness of deflection corrections using current
GMF models.
For completeness, we have assumed that tomographic measurements of the GMF are
available everywhere in the sky. However, any specific experiment might yield measurements
for limited parts of the sky only. In addition, we have used a spatial resolution of 100 pc as a
reasonable choice for the coherence length of the Galactic magnetic field, as our purpose here
is to examine the effect of measurement uncertainties alone, assuming that the sampling is
dense enough to provide an adequate/complete set of measurements. Additional uncertainties
in the de-propagation may, thus, be introduced by incomplete sampling along the cosmic ray
trajectory.
Finally, we found that the effectiveness of the correction is likely to be high for light
cosmic ray composition. Therefore, given relatively accurate measurements of the GMF, the
process of correction can be used as a composition probe. If no increased clustering is found
assuming proton or light nuclei composition, where a source and good correction can be
reasonably expected, then this result can be interpreted as evidence for a heavy composition.
5 Summary and Conclusions
In our present work, we have focused on the possibility of correcting the magnetic deflection
of UHECRs using 3D measurements of the GMF. We have attempted to examine how the
effectiveness of such a correction depends on the uncertainty of our measurements and how
it is influenced by the rigidity and arrival direction of the cosmic ray, assuming that these
are perfectly known. To that end, we have constructed a numerical code, which simulates
attempts to make such corrections using hypothetical measurements of the GMF, based on
two recently updated GMF models, with varying uncertainty for the POS magnitude, the
LOS magnitude and the POS direction of the magnetic field.
Our results highlight the conditions under which an effective correction is achievable.
A better correction can be achieved in general if the UHECRs are of high rigidity (ideally if
they are high-energy protons) and if they have arrival directions that imply a larger deflection,
which can be more easily corrected. In the case of ultra-high-energy protons, knowledge of
the magnitude of the LOS component of the magnetic field is unnecessary, while in the case
of iron nuclei, it becomes of similar importance to the POS component.
The significant differences in predictions using different GMF models underlines the
sensitivity of our results to the actual GMF geometry. This however will be much better
constrained should a 3D tomographic GMF mapping become available.
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A Galactic Magnetic Field Models
Here we briefly present the GMF models that we have used in our code. These are the Jansson
& Farrar model (JF12) [5, 6] and the Sun & Reich model (Sun10) [7, 8]. Both of these models
have recently been updated by the Planck Collaboration [4], and these updates, which will
also be mentioned, have been implemented into our code.
The parameters in the formulas below that are not explained are free parameters of the
models, and the values that we have used for each of them (based on the original papers and
the Planck update) can be found in the respective tables.
A.1 JF12
The JF12 magnetic field consists of a large-scale regular component, a random component and
a “striated” component, often mentioned in other models as the “ordered random” component.
Our choice of parameters is based on the updated model called “Jansson12b” in the Planck
update.
A.1.1 Regular Component
The regular field for this model consists of a disk component, a toroidal halo component and
an out-of-plane component, also referred to as the “X-field” component. The parameter values
used in our code for the regular component can be found in table 1. This table also shows
which of these parameter values have been updated by the Planck Collaboration and which
have not.
The coordinates used are Cartesian (x, y, z), as well as cylindrical (r, φ, z), where the
Galactic center is placed at the origin, the Galactic plane lies on the x−y plane, and the Sun
is placed at x = −8.5 kpc and y = 0. The Galactic North is towards the positive z-direction.
The disk field is defined for 3 kpc ≤ r ≤ 20 kpc. For 3 kpc ≤ r ≤ 5 kpc, there is a
“molecular ring”, which has a purely azimuthal field b = bringφˆ. For larger r, eight logarithmic
spiral regions are defined, with boundaries obeying the equation
r = r−x exp [(φ− pi) tan i] , (A.1)
where i = 11.5 deg is the opening angle of the spirals and r−x is the radius where each spiral
crosses the negative x-axis.4 We take r−x = {5.1, 6.3, 7.1, 8.3, 9.8, 11.4, 12.7, 15.5}kpc. The
disk field is then given by the formula
bdisk = (1− L(z, hdisk, wdisk)) · bi · 5 kpc/r, (A.2)
where bi is the field strength of the i-th spiral region at r = 5 kpc, and
L(z, h, w) = (1 + exp (−2(|z| − h)/w))−1 (A.3)
is a logistic function used to describe the transition from the disk field to the halo field. The
field direction is bˆdisk = sin i rˆ + cos i φˆ.
The toroidal halo field, as its name implies, has a purely azimuthal component. For
z > 0 (north half of the halo), the field is
4Note typo in the original paper. Also, we have changed the origin of the angle φ so that φ = pi at the
negative x-axis.
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Btorφ = exp (−|z|/z0)L(z, hdisk, wdisk)Bn(1− L(r, rn, wh)), (A.4)
while for z < 0 the parameters Bn and rn are substituted by the different parameters Bs and
rs respectively.5 Thus, the field strength and radial extent of the halo field are different for
the north and south halves of the halo.
Finally, the “X-field” component is axisymmetric and purely poloidal (i.e. it does not
have an azimuthal component). Thus the field changes only in the (r, z) plane, remaining the
same for any angle φ. The field lines are straight lines, which run from the southern direction
towards the z-axis with a certain “elevation angle” ΘX with the z = 0 plane, and, when they
cross the z = 0 plane, they run away from the z-axis and towards the northern direction with
the same angle ΘX . The radius at which a field line crosses the z = 0 plane is defined as rp.
To every point (r, z) corresponds one field line, and therefore one radius rp. If rp is larger
than a certain radius rcX , the field lines are taken to have a constant elevation angle Θ
0
X .
If rp < rcX , then the elevation angle increases as rp approaches zero, and reaches the value
ΘX = 90
◦ at rp = 0.
The strength of the magnetic field at the z = 0 plane is defined as
bX(rp) = BX exp(−rp/rX), (A.5)
where BX and rX are free parameters of the model. With the above definitions and geometry,
the requirement ∇ ·B = 0 gives the following formulas for the magnetic field.
When
rp ≥ rcX ⇔ r ≥ rcX +
z
tan Θ0X
, (A.6)
the magnetic field strength is
bX(r) = bX(rp) · rp/r, (A.7)
with
rp = r − | z |
tan Θ0X
. (A.8)
When rp < rcX , the magnetic field strength is
bX(r) = bX(rp) (rp/r)
2 , (A.9)
with
rp =
r rcX
rcX+ | z | / tan Θ0X
, (A.10)
and the elevation angle changes as
ΘX = tan
−1
( | z |
r − rp
)
. (A.11)
5As can be seen in table 1, the parameter rs is not specified, but only a lower limit is given. In our code
we have chosen rs to be equal to this lower limit.
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Parameter Value Updated?
b1 0.1 µG No
b2 3.0 µG No
b3 -0.9 µG No
b4 -0.8 µG No
b5 -2.0 µG No
b6 -3.5 µG Yes
b7 0.0 µG No
b8 2.7 µG No
bring 0.1 µG No
hdisk 0.4 kpc No
wdisk 0.27 kpc No
Bn 1.4 µG No
Bs -1.1 µG No
rn 9.22 kpc No
rs > 16.7 kpc No
wh 0.2 kpc No
z0 5.3 kpc No
BX 1.8 µG Yes
Θ0X 49
◦ No
rcX 4.8 kpc No
rX 2.9 kpc No
Table 1: Parameter values used for the JF12 regular field.
A.1.2 Random Component
The random component is taken to be isotropic and its root mean square (RMS) value has
different contributions from the disk and the halo. Parameter values can be found in table 2.
The disk random field is given by
Branddisk = f(r) · e−z
2/2(zdisk0 )
2
where
f(r) =
{
bint, for r < 5 kpc
bi · 5 kpcr , for r ≥ 5 kpc
}
(A.12)
The value of the parameter bi is different in each spiral region defined as in the regular
field (note that this parameter is different from the regular component parameter of the same
name; we understand that this choice of notation might be somewhat confusing, but we have
decided to retain the notation of the original papers).
The halo field is
Brandhalo = B0e
−r/r0e−z
2/2z20 . (A.13)
The total random field strength is then taken to have the RMS value
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Brand =
√
(Branddisk )
2 + (Brandhalo )
2. (A.14)
To implement this field in our code, we use three random gaussian variables with a mean
of 0 and a standard deviation of Brand/
√
3 , which represent the x, y and z components of
the magnetic field. This choice satisfies the requirements that the field is isotropic and that
the RMS value for the magnetic field strength is Brand.
Parameter Value Updated?
〈B2iso〉 5 µG Yes
beven 0.8 〈B2iso〉 Yes
bodd 0.4 〈B2iso〉 Yes
bint 0.5 〈B2iso〉 Yes
zdisk0 0.61 kpc No
B0 0.94 〈B2iso〉 Yes
r0 10.97 kpc No
z0 2.84 kpc No
Table 2: Parameter values used for the JF12 random field.
A.1.3 Striated Component
The JF12 model also includes a “striated” component, often called in other models the “ordered
random” component. A striated field is thought to be produced when an isotropic random
or perhaps a coherent field experiences stress or shear. It is assumed to have a preferred
large-scale direction parallel to the regular field, but experiences sign reversals on a small
scale, thus its average value is zero.
We have neglected this component in our code. A discussion of its effects on UHECR
propagation can be found in [29] and a specific way to implement it is mentioned in [25].
A.2 Sun10
The paper presenting the Sun10 model actually contains three distinct regular field models,
as well as a simple treatment for the random component. We focus on the model that has
been updated by the Planck Collaboration, which is the ASS+RING model. ASS stands for
axi-symmetric spiral and RING refers to its structure, as it uses concentric rings in which
the sign of the field is reversed. Throughout this paper, the updated ASS+RING model is
referred to simply as Sun10. In the Planck update, a more detailed random component, as
well as an ordered random field (the equivalent of the striated field in the JF12 model) have
been added to this model. As in the JF12 model, we have neglected the ordered random
component.
A.2.1 Regular Component
The regular component of the Sun10 model is significantly simpler than that of the JF12
model. It includes a disk component BD and a halo component BH . Parameter values can
be found in table 3.
The disk component is written in cylindrical coordinates (R,φ, z) with the Galactic
centre at the origin as:
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BDR = D1(R,φ, z)D2(R,φ, z) sin p (A.15)
BDφ = −D1(R,φ, z)D2(R,φ, z) cos p (A.16)
BDz = 0 (A.17)
where
D1(R, z) =
{
B0 exp
(
−R−R⊙R0 − |z|z0
)
, for R > Rc
Bc, for R ≤ Rc
}
(A.18)
with R⊙ = 8.5 kpc being the Galactic radius of the Sun, and
D2(R) =

+1, for R > 7.5 kpc
−1, for 6 kpc < R ≤ 7.5 kpc
+1, for 5 kpc < R ≤ 6 kpc
−1, for R ≤ 5 kpc
 . (A.19)
The halo field is purely azimuthal and is written as:
BHφ (R, z) = sign(z) B
H
0
1
1 +
( |z|−zH0
zH1
)2 RRH0 exp
(
−R−R
H
0
RH0
)
. (A.20)
Parameter Value Updated?
R0 10 kpc No
z0 1 kpc No
Rc 5 kpc No
B0 2 µG No
Bc 0.5 µG Yes
zH0 1.5 kpc No
zH1 0.2 kpc, for |z| < zH0 No
0.4 kpc, otherwise No
BH0 10 µG No
RH0 4 kpc No
Table 3: Parameter values used for the Sun10 regular field.
A.2.2 Random Component
The random component in the updated Sun10 model has an RMS strength that can be written
as:
BRMS(R, z) = 〈B2iso〉1/2f(R)g(z) (A.21)
where
f(R) = exp
(
−R−R
⊙
rran0
)
, (A.22)
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and
g(z) = (1− f randisk)sech2
(
z
hranhalo
)
+ f randisksech
2
(
z
hrandisk
)
. (A.23)
Again, to model this isotropic random field in our code, we use three random gaussian
variables with a mean of 0 and a standard deviation of BRMS/
√
3. Parameter values can be
found in table 4.
Parameter Value Updated?
〈B2iso〉 4.8 µG Yes
rran0 30 kpc Yes
f randisk 0.5 Yes
hranhalo 3 kpc Yes
hrandisk 1 kpc Yes
Table 4: Parameter values used for the Sun10 random field.
B The von Mises distribution
To simulate a random angular variable, one needs to use a circular distribution. The gener-
alization of the normal distribution to circular variables is called the wrapped normal distri-
bution. In our simulation, we have chosen to use the von Mises distribution, which involves
simpler computations and closely approximates the wrapped normal distribution.
A random angular variable Θ obeying the von Mises distribution VM(µ, κ), has a prob-
ability density function of the form
f(θ) =
1
2piI0(κ)
eκ cos(θ−µ), (B.1)
where I0 is the modified Bessel function of the first kind and order 0, µ is the mean of
the distribution, and κ is the “concentration parameter” [30]. For large κ the von Mises
distribution approaches a normal distribution with standard deviation 1/
√
κ.
In our code, the von Mises distribution is simulated using the method of [31].
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